Abstract. In this paper we characterize all the solutions of the three body problem on which one body with mass m1 remains in a fixed line and the other two bodies have the same mass m2. We show that all the solutions with negative total energy (potential plus kinetic), never collide. "Explicit" solutions of the motion of all the three bodies are given in term of just one solution of an ordinary differential equation of order two of one real value function. We show that the solutions of a big subfamily of this family remains bounded for all time. The same results are shown for the n-body problem. Once we have shown that there are infinitely many periodic solutions, we provide several examples of periodic examples for the 3-Body, 4-Body, 5-Body and 6-Body problem. This is a first version. Comments and suggestions for references are welcome. A YouTube video explaining one of this solutions has been posted on http://youtu.be/2Wpv6vpOxXk
Let us assume that x(t) = (x 1 (t), x 2 (t), x 3 (t)), y(t) = (y 1 (t), y 2 (t), y 3 (t)) and z(t) = (z 1 (t), z 2 (t), z 3 (t)) describe the motion of three bodies with masses m 1 , m 2 and m 2 respectively that move under the influence of the force of gravity. If we assume that the Gravitational constant is 1, then, the functions x, y and z satisfy the equations x(t) = m 2 |y − x| 3 (y − x) + m 2 |z − x| 3 (z − x) y(t) = m 1 |x − y| 3 (x − y) + m 2 |z − y| 3 (z − y) z(t) = m 1 |x − z| 3 (x − z) + m 2 |y − z| 3 (y − z)
We will study the case when the body x(t) moves in the fixed line l = {(0, 0, u) : u ∈ R} and since our intention is not to study the three dimensional problem in a line (when all the bodies lies in a single line), then we will assume that at t = 0, one of the other planets is not in the line l. Since we are assuming that x(t) lies in l, then we will write x(t) = (0, 0, f (t)) for some function f . In order to make the study easier, we will assume that f (0) = 0 and also we will assume that the center of mass does not move, this is, we will assume that m 1 x(t) + m 2 y(t) + m 2 z(t) = (0, 0, 0) for all t. We proceed by noticing that:
With the additional condition that the center of mass does not move, we have that the projections of the bodies y and z in the plane Π = {(u, v, 0) : u, v ∈ R} given by Y = (y 1 (t), y 2 (t)) and Z = (z 1 (t), z 2 (t)) satisfy that Z = −Y and the projections of the bodies y and z on l satisfy that y 3 = z 3 = − m 1 2m 2 f (t) . In particular there is a collision only when r = |Y | = y 1 (t) 2 + y 2 (t) 2 vanishes.
We then point out that not only the angular momentum of all the system remains constant but the angular momentum of each body remains constant. We have that
Besides the constant c 1 defined above, we will consider the constant c 2 given by the conservation of the total energy, this is
In terms of c 1 and c 2 we show that If c 2 < 0 and c 1 = 0, then 0 < a 1 < r(t) < b 1 for some explicit expression a 1 and b 1 in terms of c 1 , c 2 , m 1 and m 2 . See Theorem 2.3
Moreover, we prove that a big part of this family is made out of bounded solutions. More precisely we show:
If c 2 < 0, c 1 = 0 and 8m 1 m 2 2 + m 3 2 + 16c 2 c 2 1 > 0, then the solution is bounded
Once we have shown that an open set of the whole family under consideration corresponds to bounded solutions, by the continuity of the solutions of an ordinary differential equation with respect to the initial conditions, we have that:
there are infinitely many periodic solutions.
With regards of finding explicit formulas for the solutions of x, y and z, we prove the following:
As in the two body problem we have that if Y = (y 1 , y 2 ) = r(cos θ, sin θ) then we have that r 2 (t)θ(t) = c 1 . Therefore, if we know r(t), we can compute θ(t) by doing one integral. We prove that on any interval whereṙ(t) does not vanish, if
, then g satisfies the differential equation of the form a(r, g, g ) g (r) + b(r, g) g + c(g, r) = 0 . See Theorem 2.9
If we assume that we know the function g, we can find the function r(t) by solving, using separation of variables, the differential equation:
Therefore on any interval whereṙ(t) does not vanish, we have explicit formulas for x(t), y(t) and z(t) in terms of the function g and antiderivatives of expressions of function g. Let us see this: once we have g(r) we can find r(t), then we can find f (t) because f (t) = g(r(t)) and as mentioned earlier, we can find θ(t) using r 2 (t)θ(t) = c 1 . We then conclude that,
We have the same type of results for the n-body problem. In this first version of this paper we will sketch the proofs and present the images of several of the periodic examples.
The results for the 3-Body Problem
The following theorem characterizes all the solutions of the problem that we are considering.
Theorem 2.1. Let x = (0, 0, f (t)), y(t) = (y 1 (t), y 2 (t), y 3 (t)) and z(t) = (z 1 (t), z 2 (t), z 3 (t)) and r(t) = y 1 (t) 2 + y 2 (t) 2 . x, y and z describe a solution of the Three Body Problem with masses m 1 , m 2 and m 2 respectively that satisfies r(0) = 0 and
if and only if
Proof. Let us prove one implication first. Let us assume that x, y and z satisfy the 3-Body ODEẍ
Let us denote by Y = (y 1 (t), y 2 (t)) and Z(t) = (z 1 (t), z 2 (t)). From Equation (3.1) we obtain that
Using the first equation of the 3-Body ODE, we conclude that,
Combining equation (2.3) with equation (4.1) and the fact that r(0) = 0, we conclude that |z − x| = |y − x|. A direct computation shows that
Since |y − x| = |z − x| we conclude from the two expressions above that either (m 2 + m 1 )f + m2y 3 = m 2 (f − y 3 ) and then
or (m 2 +m 1 )f +m2y 3 = −m 2 (f −y 3 ) and therefore f = 0. When f = 0, we conclude that y = −z and that the motion of y takes place in a planar conic. Up to rigid motion of R 3 , this case is covered in the solution presented in the theorem. For this reason we will assume that Equation (2.6) holds. Notice that Equations (2.3) and (2.7) imply that
Using the first equation of the 3-Body Problem and Equations (2.6) and (2.7) we conclude thaẗ
From the second equation of the 3-Body Problem we conclude that the function Y satisfies the differential equation,
If we write Y = (r cos θ, r sin θ) then we get thatŸ = (r−rθ 2 ) (r cos θ, r sin θ)+(2ṙθ+ rθ) (−r sin θ, r cos θ). Comparing this equation with Equation (2.10) we conclude thatr = and r 2θ = c 1 where c 1 = y 1 (0)ẏ 2 (0)−y 2 (0)ẏ 1 (0). This finishes one implication of the theorem. The converse is a direct computation.
Corollary 2.2. When the function f is identically zero, the body with mass m 1 will not move and the other two bodies will move on a conic. For the bounded solutions the bodies move along ellipses and are periodic. The motion of each solution is essentially that of a binary star system for the bodies moving around while the body with mass m 1 stays at the center of mass.
The following theorem shows that when the total energy is negative, then, there is not collision.
Theorem 2.3. If a solution of the 3-Body problem considered in Theorem 2.1 has nonzero angular momentum, this is c 1 = 0, and it also has negative total energy, this is:
then, there is no collision. Moreover
Proof. A direct computation shows thatẎ =ṙ(cos θ, sin θ) + rθ(− sin θ, cos θ). It follows thatẎ ·Ẏ =ṙ 2 + r 2 (θ ) 2 =ṙ 2 + c 2 1 r 2 and therefore Equation (2.14 )) transforms into
(2.14)
From Equation (2.14) we get that m 2 
The result follows because we know that r is positive and lies in the domain where the parabola u → c 2 u 2 + 2m 1 m 2 u + Definition 1. We will denote by L = {(x, y, z) ∈ R 9 : x, y, z is a solution of the 3-Body Problem satisfying
where c 1 = y 10 dy 20 and c 2 = m 2 dy 2 20 − m 2 2y 10
Remark 2.5. The space L contains solutions of the three body problem that do not collide because r is bounded. Also they are defined for all t. The initial conditions were taken so that the body x starts at the origin and the derivative of r at t = 0 is zero. Notice that L can be parametrized by the initial conditions and the value of the masses, this it, it can be parametrized by points in R 5 of the form q = (y 10 , dy 20 , df 0 , m 1 , m 2 ). We will denote by L(q) the solution that satisfies the initial conditions given by the point q.
Theorem 2.6. The solutions of the 3-Body Problem considered in Theorem 2.1 with c 1 = 0, c 2 < 0 and 8m 1 m 2 2 + m 3 2 + 16c 2 c 2 1 < 0 are bounded Proof. Since c 2 < 0 and c 1 = 0, then r is bounded. Since r satisfies the second order differential Equation 2.1, then r has not horizontal asymptotes, and since r is bounded, thenr changes sign infinitely many times. We can also show that if f is unbounded then f (t) converges to either infinity or negative infinity. This is a contraction becauser = 0, c 2 < 0 and f large imply that 8m 1 m 2 2 + m 3 2 + 16c 2 c 2 1 ≥ 0 Definition 2. We will denote by 
We have that a solution in L is periodic with period t 0 if and only if ξ(y 10 , dy 20 , df 0 , m 1 , m 2 , t 0 ) = 0
Proof. It follows by the existence and uniqueness theorem of ordinary differential equations.
Theorem 2.8. There are infinitely many periodic non trivial solution of the 3BP in the family B.
Proof. It follows by the continuous dependence on the initial condition of the ordinary differential equation 2.1.
Theorem 2.9. For every solution of the 3-Body problem considered in Theorem 2.1, we have that
Proof. We will show if f (t) = g(r(t)), then g satisfies the Equation (2.15). Once we have shown this, the converse statement, which is the theorem here, would be a direct computation. A direct computation using Equation (2.3) shows us that the
is equivalent to
Replacingḟ byṙg in Equation (2.14) allows to solveṙ 2 in terms of r, g and g . Replacing this expression forṙ 2 in Equation (2.16) completes the proof of this theorem.
The results for the 4-Body Problem
Theorem 3.1. Let x = (0, 0, f (t)), y(t) = (y 1 (t), y 2 (t), y 3 (t)), z(t) = (z 1 (t), z 2 (t), z 3 (t)) and w(t) = (w 1 (t), w 2 (t), w 3 (t)) and r(t) = y 1 (t) 2 + y 2 (t) 2 . x, y z and w describe a solution of the Four Body Problem with masses m 1 , m 2 , m 2 and m 2 respectively that satisfy {y(0), z(0), w(0)} are linearly independent, r(0) = 0 and
where h = r 2 + (
Proof. This is a direct computation similar to those made on the proof of Theorem (2.1).
Corollary 3.2. When the function f is identically zero, the body with mass m 1 will not move and the other two bodies will move on a conic. For the bounded solutions the bodies move along ellipses and are periodic. The motion of each solution is essentially that of a Trinary start system for the bodies moving around and the body with mass m 1 stays at the center of mass.
Theorem 3.3. If a solution of the 4-Body problem considered in in Theorem 3.1 has nonzero angular momentum, this is c 1 = 0, and it also has negative total energy, then, there is no collision. Moreover
Proof. This is a direct computation similar to those made on the proof of Theorem (2.3). Proof. This is a direct computation similar to those made on the proof of Theorem (2.6). and a(r, g, g ) = − 18lm 1 m 2 2 r 2 + 18m 3 2 r + 6lc 2 m 2 r 2 − 9lc 2 1 m 2 2 r 2 + k 2 g(r) 2
The n-Body Problem
The same type of results generalize for the n-Body problem. Let us see this.
Theorem 4.1. The functions
. . .
provides a solution of the (n + 1)−body problem with n > 1, if and only if
A direct computation shows that a 2 = Corollary 4.2. When the function f is identically zero, the body with mass m 1 will not move and the other two bodies will move on a conic. For the bounded solutions the bodies move along ellipses and are periodic. In this case we have explicit formulas for the solutions in the same way that we do for the two body problem. 1 + csc
then, a solution of the 19-Body problem with masses: m 1 (described by x(t)) and m 2 for the other 18 bodies (described by y j (t), j = 1, . . . , 18) is given by
with r(t) =
and θ(t) a solution of r(t) 2θ (t) = −2. Theorem 4.4. The solutions of the (n + 1)−Body Problem considered in Theorem 4.1 with c 1 = 0, c 2 < 0 and 2c 2 1 c 2 + na n m 2 2 (2m 1 + (b n − a n )m 2 ) < 0 are bounded.
Proof. This is a direct computation similar to that made on the proof of Theorem (2.6). (r 2 + k 2 g(r) 2 ) 3/2
